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Abstrat
We investigate multidimensional model for inompressible
non-Newtonian uids. Using method of energy estimates we prove
the property of nite speed of propagations of the solution support for
this problem. We nd sharp bounds of the propagations by L
2
norm
and L
1
norm of initial data.
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1 Formulation of the problem and main results
There are many substanes like geologial materials, liquid foams, polymeri
uids, whih are apable of owing but whih exhibit ow harateristis
that annot be adequately desribed by the lassial linearly visous uid
model. In order to desribe some of the departures from Newtonian behav-
ior evined by suh materials, many idealized material models have been
∗
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suggested. There are several phenomena whih appear when studying non-
Newtonian uids: the shear thinning and the shear thikening, the ability
of a reep, the ability to relax stresses, the presene of normal stress dier-
enes in simple shear ow, the presene of yield stress. For more details see
[12℄. The equations governing the unsteady motion these uids have been
previously investigated, e.g. [5, 8, 10, 11℄, et.
Let omponents of the symmetri deformation veloity tensor are given
by
(Du)ij =
1
2
(∂ui
∂xj
+
∂uj
∂xi
)
(1.1)
(|Du| = (DuijDuij)
1
2 ).
We onsider multidimensional problem of non-Newtonian model whih
has the following form
ut + (u · ∇) u = µ1div(|Du|
p−2
Du) +∇pi, (1.2)
div u = 0, (1.3)
u(0, x) = u0(x). (1.4)
(C)


Here u is the veloity eld, pi is the pressure for an inompressible power-law
uids, u0 is the initial value of the veloity. Let µ1 > 0,
u0 ∈ (W
1,2(RN
−
))N ∩H, supp u0,k(x) ⊆ R
N
−
, k = 1, N, (1.5)
where R
N
−
:= {x = (x′, xN ) ∈ R
N : xN < 0} and H = {u ∈ L2(R
N)N :
div u = 0}.
Existene of a weak solution for p > 3N
N+2
and the uniqueness and reg-
ularity for p > 3N+2
N+2
, N = 2, 3 were proved in [5, 8℄. The more detailed
information about qualitative behavior of the solution an be found in [1℄.
Denition 1.1. The funtion u(x, t) = (u1(t, x), . . . , uN(t, x)) suh that
u ∈ Lp(0, T ;W
1,p(RN)N) ∩ L2(0, T ;W
1,2(RN)N) ∩ C(0, T ;H),
ut ∈ L2(0, T ;H)
is alled a weak solution to problem (C) if for a.e. t > 0, the integral identity∫
RN
ut(t)ϕdx+
∫
RN
(u · ∇) uϕ dx+ µ1
∫
RN
|Du(t)|p−2Du(t) : Dϕdx = 0 (1.6)
is satised for every ϕ ∈ Lp(0, T ;W
1,p(RN)N) ∩ L2(0, T ;W
1,2(RN)N) with
divϕ = 0.
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Basi denitions and properties of pLaplaian we an nd in the books
of Vazquez [19, 20℄. The evolution pLaplaian is one of the most widely
researhed equations in the lass of nonlinear degenerate paraboli equations,
already studied by Raviart [13℄. Large time behaviour of the solutions was
investigated in Kamin, Vazquez [6℄ and they proved that expliit solutions
found by Barenblatt in 1952 are essentially the only positive solutions to the
Cauhy problem with initial data
u(x, 0) =Mδ(x), M > 0.
They established that any nonnegative solution with globally integrable ini-
tial values is asymptotially equal to the Barenblatt solution as t → ∞. In
work of Lee, Petrosyan and Vazquez [7℄ the property of asymptoti onavity
was proved.
Now we give brief explanations of our method of proof of the nite speed
of propagations. This method we all as the method of nonhomogeneous
funtional inequalities and it is some adaptation the energy method. It is
onneted with nonhomogeneous variants of Stampahia lemma, in fat, it
is an adaptation to higher order equations of loal energy or SaintVenant
priniple like estimates method. It was elaborated with respet to higher
order quasilinear paraboli equations of the monotone type in [14, 15, 16℄.
Also it was developed with regard to thin-lm equations with nonlinear on-
vetion in [17, 18℄. Fluid mehanis is one of the most natural elds for the
appliation of energy methods (see, [1, 2, 3℄). This is beause the fundamen-
tal onservation and balane laws employed for its desription suggest an
adequate hoie of energy funtions whih, in turn, produes the formation
of a free boundary. "Energy methods are speial interest in those situations
in whih traditional methods based a omparison priniples have failed. This
method yields the formation of a free boundary; in other words, this means
that the support of solution is loalized in spae-time domain."(see,[1℄)
The main results are the following.
Theorem 1.1. Let u(x, t) be a weak solution of problem (C). Let p > 3N+2
N+2
.
Then there exists the funtion Γ(t) ∈ C[0, T ], Γ(0) = 0 suh that
Γ(t) = c1 max{t
2
2p+N(p−2) , t
2p+N(p−3)
2p+N(p−2) } ∀ t > 0 (1.7)
and
supp uk(t, .) ∩ {x = (x
′, xN) ∈ R
N : xN > Γ(t)} = ∅, k = 1, N, (1.8)
3
where c1 = c1(p, µ1, ‖u0‖L2(RN )N ) is a positive onstant depending on known
parameters only.
Remark 1.1. If (1.8) is valid then a solution to (C) has the property of
nite speed of propagation of the solution support.
Remark 1.2. The estimate (1.7) is sharp for salar equation if the initial
funtion u0(x) belongs L2(R
N)N (see, for example, [14℄).
Theorem 1.2. Let u(x, t) be a weak solution of problem (C). Let ‖u‖L1(RN )N 6
‖u0‖L1(RN )N and p >
3N+1
N+1
. Then the funtion Γ(t) has the following form
Γ(t) = c2 max{t
1
p+N(p−2) , t
p+N(p−3)
p+N(p−2) } ∀ t > 0, (1.9)
where c2 = c2(p, µ1, ‖u0‖L1(RN )N ) is positive onstant.
Remark 1.3. The exponent 1/(p+N(p−2)) from (1.9) is well-known Baren-
blatt exponent for pLaplaian salar equation (see, for example, [4℄).
2 Proof of Theorem 1.1
Lemma 2.1. Let u(x, t) be an arbitrary weak solution of problem (C). Let
p > 3N+2
N+2
. Then the following estimate is valid
sup
t∈(0,T )
∫
Ω(s+δ)
|u(t)|2 dx+
1
T
∫∫
QT (s+δ)
|u|2 dx dt+ µ1
∫∫
QT (s+δ)
|∇u|p dx dt 6
c
δp
∫∫
QT (s)
|u|p dx dt+
c
δ
∫∫
QT (s)
|u|3 dx dt, (2.1)
∀ s > s0 > 0, δ > 0, T > 0.
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Proof. For an arbitrary s ∈ R1 and δ > 0 we onsider the families of sets
Ω(s) = {x = (x′, xN) ∈ R
N : xN > s}, QT (s) = (0, T )× Ω(s),
K(s, δ) = Ω(s)\Ω(s+ δ), KT (s, δ) = (0, T )×K(s, δ).
Next we introdue our main sequene ut-o funtions ηs,δ(x) ∈ C
1(RN ),
whih possess the following properties:
0 6 ηs,δ(x) 6 1 ∀x ∈ R
N , ηs,δ(x) =
{
0 , x ∈ RN \ Ω(s),
1 , x ∈ Ω(s + δ),
(2.2)
|∇ ηs,δ| 6
c5
δ
∀ x ∈ K(s, δ). (2.3)
Test integral identity (1.6) by
ϕ(x, t) = u(t, x)ψ(t, x), (2.4)
where u(t, x) is a solution of the problem (C) and, without loss of generality,
we suppose that (∇xψ(t, x), u(t, x)) = 0. Here
ψ(t, x) = ηs,δ(x) exp
(
−t · T−1
)
∀T > 0,
Then we obtain
1
2
∫
RN
∂
∂t
(u2(t))ψ dx+ µ1
∫
RN
|Du(t)|pψ dx+
µ1
∫
RN
|Du(t)|p−2 (Du(t)∇ψ) u(t) dx+
∫
RN
(u · ∇)u(t) u(t)ψdx = 0. (2.5)
We onsider integral terms in the last identity. After using Young's inequality
we get
∫
RN
|Du|p−2 (Du∇ψ) u dx 6 ε1 exp
(
−t · T−1
) ∫
K(s,δ)
|Du|p dx+
c(ε1)
δp
exp
(
−t · T−1
) ∫
K(s,δ)
|u|p dx, (2.6)
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∫
RN
(u · ∇) u u(t)ψdx =
1
2
exp
(
−t · T−1
) ∫
RN
|u(t)|2 u(t)∇ψdx 6
1
2δ
exp
(
−t · T−1
) ∫
RN
|u|3dx, (2.7)
Integrating (2.5) respet with time, and taking into aount (2.6) and (2.7),
after simple omputation, we dedue that
sup
t∈(0,T )
∫
Ω(s+δ)
|u(t)|2 dx+
1
T
∫∫
QT (s+δ)
|u|2 dx dt+ 2µ1
∫∫
QT (s+δ)
|Du|p dx dt 6
∫
Ω(s)
|u0(x)|
2 dx+
c(ε1)
δp
∫∫
KT (s,δ)
|u|p dx dt+
c
δ
∫∫
KT (s,δ)
|u|3dx dt+µ1ε1
∫∫
KT (s,δ)
|Du|p dx dt,
(2.8)
where s ∈ R1, δ > 0, T > 0. It follows from (1.5) that∫
Ω(s)
|u0(x)|
2 dx = 0 ∀ s > s0 > 0. (2.9)
Finally, from (2.8), (2.9) we obtain
sup
t∈(0,T )
∫
Ω(s+δ)
|u(t)|2 dx+
1
T
∫∫
QT (s+δ)
|u|2 dx dt+ 2µ1
∫∫
QT (s+δ)
|Du|p dx dt 6
c(ε1)
δp
∫∫
KT (s,δ)
|u|p dx dt+
c
δ
∫∫
KT (s,δ)
|u|3dx dt+ µ1ε1
∫∫
KT (s,δ)
|Du|p dx dt, (2.10)
∀ s > s0 > 0, δ > 0, T > 0. Choosing ε1 > 0 suiently small, and iterating
the limit inequality (2.10), we get (2.1).
Proof of Theorem 1.1. We denote
RT (s, δ) :=
c
δp
∫∫
QT (s)
|u|p dx dt+
c
δ
∫∫
QT (s)
|u|3 dx dt.
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We introdue the energy funtions related to our solution:
AT (s) :=
∫∫
QT (s)
|u|p dx dt, BT (s) :=
∫∫
QT (s)
|u|3 dx dt.
Applying Nirenberg-Gagliardo's (see, LemmaA.2 of Appendix A) and Holder's
inequalities, we get
AT (s+ δ) 6 c T
α1(RT (s, δ))
1+β1, α1 =
2p
2p+N(p−2)
, β1 =
p(p−2)
2p+N(p−2)
,
BT (s+ δ) 6 c T
α2(RT (s, δ))
1+β2, α2 =
2p+N(p−3)
2p+N(p−2)
, β2 =
p
2p+N(p−2)
.
Next we dene the funtions
CT (s) := (AT (s))
1+β2 + (BT (s))
1+β1 .
Then
CT (s+ δ) 6 c˜ F (T ) (δ
−pβC1+β1T (s) + δ
−βC1+β2T (s)), (2.11)
where
β = (1 + β1)(1 + β2), F (T ) = max{T
α1(1+β2), T α2(1+β1)}.
Now we hoose the parameter δ > 0 whih was arbitrary up to now. First,
we introdue the notations
δ
(1)
T (s) :=
[
2c˜ F (T )Cβ1T (s)
] 1
pβ
, δ
(2)
T (s) :=
[
2c˜F (T )Cβ2T (s)
] 1
β
,
JT (s) := max{δ
(1)
T (s), δ
(2)
T (s)}.
We obtain the following main funtional relation for the funtions JT (s)
JT (s+ JT (s)) 6 ε JT (s) ∀ s > s0 > 0, 0 < ε < 1. (2.12)
We set s = −2δ, δ = s′ > 0 in (2.8) and pass to the limit as s′ → +∞. Using
the boundedness of funtions AT (s) and BT (s), we get
CT (0) 6 c F (T )‖u0‖
β
L2
. (2.13)
Now we apply Lemma A.1 to the funtion JT (s) of (2.12). As a result, we
get
JT (s) ≡ 0 ∀ s > s0 +
1
1−ε
JT (s0). (2.14)
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Let s0 = 0. Then, in view of (2.13), we nd
JT (0) 6 c max{F (T )
1
p(1+β2) , F (T )
1
1+β1 } 6 c max{T
2
2p+N(p−2) , T
2p+N(p−3)
2p+N(p−2) }
∀T > 0, c = c(p, µ1, N, ‖u0‖L2). Choosing in (2.14)
s = Γ(T ) = c max{T
2
2p+N(p−2) , T
2p+N(p−3)
2p+N(p−2) },
where p > 3N+2
N+2
, we obtain that JT (Γ(T )) = 0. Thus uk(T, x) ≡ 0 for all
x ∈ {x = (x′, xN) : xN > Γ(T )}, k = 1, N . And Theorem 1.1 is proved
ompletely.
3 Proof of Theorem 1.2
Lemma 3.1. Let u(x, t) be an arbitrary weak solution of problem (C). Let
‖u‖L1(RN )N 6 ‖u0‖L1(RN )N and p >
3N+1
N+1
. Then the following estimates for
the deay rate are valid
AT (s) +BT (s) 6 c˜(Θ) T
(
s−N(p−1) + s−
2N
p+N(p−3)
)
(3.1)
∀ s > 0, T > 0, where c˜(Θ) = c˜(p,N,Θ), Θ = ‖u0‖L1(RN )N .
Proof. Applying the interpolation inequality of Lemma A.2 in the domain
K(s, δ) to the funtion v = |u| for a = d = p, b = 1, d2 = c δ
−N(p−1)/p
, and
integrating the result with respet to time from 0 to T , we obtain
∫∫
KT (s,δ)
|u|pdx dt 6 c δ−N(p−1) T Θp + c T 1−θ1Θp(1−θ1)×
×
( ∫∫
KT (s,δ)
|∇u|pdx dt
)θ1
, where θ1 =
N(p−1)
p+N(p−1)
. (3.2)
Similarly, applying the interpolation inequality of Lemma A.2 in the domain
K(s, δ) to the funtion v = |u| for a = 3, d = p, b = 1, d2 = c δ
−2N/3
, and
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integrating the result with respet to time, we nd that
∫∫
KT (s,δ)
|u|3dx dt 6 c δ−2N T Θ3 + c T
1−
3θ2
p Θ3(1−θ2)×
×
( ∫∫
KT (s,δ)
|∇u|pdx dt
)3
p
θ2
, where θ2 =
2N p
3(p+N(p−1))
, p > 3N
N+1
. (3.3)
Inserting (3.2) and (3.3) in (2.10) and applying Young's
′′ε′′inequality, we
get
LT (s+δ) := sup
t∈(0,T )
∫
Ω(s+δ)
u2(t) dx+
1
T
∫∫
QT (s+δ)
u2 dx dt+µ1C
∫∫
QT (s+δ)
|∇u|p dx dt 6
ε4 µ1
∫∫
KT (s,δ)
|∇u|p dx dt+ ε3 sup
t∈(0,T )
∫
K(s,δ)
|u(t)|2 dx+
ε3
T
∫∫
KT (s,δ)
|u|2 dx dt+
Cε4(Θ) T
(
δ−(p+N(p−1)) + δ−
p+N(p−1)
p+N(p−3)
)
, (3.4)
∀ ε4 > 0, s > 0, δ > 0, where Cε4(Θ) is a onstant depending on p,N, ε4
and Θ. Choosing εi > 0, i = 3, 4 suiently small, by the standard iteration
proedure we establish that
LT (s0 + δ0) 6 C(Θ) T U(δ0) ∀ s0 > 0, δ0 > 0, (3.5)
where
U(δ0) := δ
−(p+N(p−1))
0 + δ
−
p+N(p−1)
p+N(p−3)
0 .
Let δ → +∞ in (3.2), (3.3) and use (3.5) for s0 = 0 and δ0 = s > 0. We
eventually obtain
AT (s) 6 C(Θ)TU
θ1(s), BT (s) 6 C(Θ)TU
3θ2/p(s),
for every s > 0. Hene (3.1) follows.
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Proof of Theorem 1.2. From (2.14) and the deay estimations (3.1), we get
G(s0) := s0+
1
1− ε
JT (s0) 6 s0+c max{F
1
pβ (T )(A
β1
p(1+β1)
T (s0)+B
β1
p(1+β2)
T (s0)),
F
1
β (T )(A
β2
1+β1
T (s0) +B
β2
1+β2
T (s0))} 6 s0 + c(Θ) max{F
1
pβ (T )T
β1
p(1+β1) s
−
N(p−1)β1
p(1+β1)
0 ,
F
1
pβ (T )T
β1
p(1+β2) s
−
2Nβ1
p(p+N(p−3))(1+β2)
0 , F
1
β (T )T
β2
1+β1 s
−
Nβ2(p−1)
1+β1
0 ,
F
1
β (T )T
β2
1+β2 s
−
2Nβ2
(p+N(p−3))(1+β2)
0 } 6 G˜(s0) := s0+
c(Θ) max{T
β1+α1
p(1+β1) s
−
Nβ1(p−1)
p(1+β1)
0 , T
β2+α2
1+β2 s
−
2Nβ2
(p+N(p−3))(1+β2)
0 }.
Minimizing the funtion G˜(s0) we suppose that
s = Γ(T ) = G˜(s0,min) = c(Θ) max{T
β1+α1
p(1+β1)+Nβ1(p−1) , T
(β2+α2)(p+N(p−3))
(1+β2)(p+N(p−3))+2Nβ2 } =
c(Θ) max{T
1
p+N(p−2) , T
p+N(p−3)
p+N(p−2)}. (3.6)
Thus uk(T, x) ≡ 0 for all x ∈ {x = (x
′, xN) : xN > Γ(T )}, k = 1, N . And
Theorem 1.2 is proved ompletely.
Appendix A
Lemma A.1. [16] Let the nonnegative ontinuous noninreasing funtion
f(s) : [s0,∞)→ R
1
satises the following funtional relation:
f(s+ f(s)) 6 ε f(s) ∀ s > s0, 0 < ε < 1.
Then f(s) ≡ 0 ∀ s > s0 + (1− ε)
−1f(s0).
Lemma A.2. [9] If Ω ⊂ RN is a bounded domain with pieewise-smooth
boundary, a > 1, b ∈ (0, a), and d > 1, then there exist positive onstants
d1 and d2 (d2 = 0 if the domain Ω is unbounded and d2 = d˜2δ
−
N(a−b)
ab
if the
domain Ω = K(s, δ)) that depend only on Ω, d, b, and N and are suh that,
for any funtion v(x) ∈ W 1,d(Ω) ∩ Lb(Ω), the following inequality is true:
‖v‖La(Ω) 6 d1 ‖Dv‖
θ
Ld(Ω) ‖v‖
1−θ
Lb(Ω) + d2 ‖v‖Lb(Ω)
where θ =
1
b
−
1
a
1
b
+
1
N
−
1
d
∈ [0, 1).
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